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EITANAAHIITIKEX ITANEAAAAIKEX EEETAXEIX
I'" TAZHX HMEPHXIOY KAI A" TAZHX EXIIEPINOY
I'ENIKOY AYKEIOY
IMAPAXKEYH 12 IOYNIOY 2015
EZETAZOMENO MAOHMA: MAOHMATIKA OETIKHX KAI
TEXNOAOI'IKHX KATEYOYNXHX

AITANTHXEIX

OEMA A
Al. Osopia anddeiln Bewpnuotoc ot cerida 304 tov oyoikov Piriov.

A2. Osopia, opiopoc ot 6erida 152 tov oyoAkod Pifiiov.

A3. Ozwpia, 0piopoc 61N 6eAida 279 tov oyoAkol Pifiiov.
A4,

0. X®oTo.

B. Zwoto.

v. AdBoc.

6. AdBoc.

€. AdBoc.

OEMA

Bl.’Ecte z=Xx+Yi (X,yeR), 101 £00pe Sradoyikd:

|z-3i[ -18=|z-3 < (z-3i)(2+3i)-18=(z-3)(z+3) =
< 77-3i2-3i7+9-18=77-32-37+9<3i(2-7)-18=-3(z+7) <
& -6y=18=-6x<=x-y-3=0
Enopévog o yeopetpikdg 1OmMOg TV EIKOVOV TOV Uyodik®v aplBudv Z eivar 1 gvubeia
Xx-y-3=0.
B2.’Ecte W=k + i (k,1€R), 10t¢ éxo0pe Sradoyucd:
w-i=Im(z)+1e [k +Ai-i|= 241 [k +(A-Di|= A+l [k + (A-D)i[ = (A+1)° &

<P+ (A-1)7 :(ﬂ,+1)2 Sk -2A+1=22+ 22+l «? :4},@1:%18
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Enopévog 0 ye®UETPIKOG TOTOC TV EIKOVOV TOV UYAdtK®V apliudv W givar  mapafoin

1.
==x2.
y4

B3. Eoto M (X,,Y,) toyaio onpeio g mapafolns. Apa £xovpe Y, :%XOZ. Ot andoTacELC

Tov onueiov M and v evbeia () Xx—y-3=0 eivau

1 2_3
d(M g)—|X0‘Yo—3|_ A Y eoxt-12 x2oax 412
’ J2 V2 a2 42
Av Oswprcovpe ) ovvapmon f(X,)=X," —4X, +12,X, € R vt givor mapoayoyiown (og

TOAVMOVOLUKT) KOl EYOVLE!
f'(x,)=2x,-4
f'(x)=0=x,=2
f'(x)>0x,>2
f(x)<0=x,<2
"Apa n cuvaptnon f €yet eldyioto oo onpeio X, =2, 10 f(2)=4-8+12=8.

Emopévog 1 eldyiot andctaon |Z —W| glvat:

8 2 =
|Z W|m|n 4 [2 [2

Inueioon: Mropovpe vo mapovpe Ty mpofoin) evog tuyaiov onueiov N g mapafoing
(é¢0t M) ko éva Toyaio onpeio K g gvbeiog. Tote Oa £yovpe (NK) > (NM ) KoL

~4%, 12 X’ -4%+4+8 _(%-2)'+8_ 8
MN)=d(N,g)= 0 =0 > =2
()= (N.)== f 42 42 42

OEMAT
I'l. H ouwvépmon f(x)=e**-Inx,xe (0, +o0) &ivar mopoyoyicwn oto (0, +o0) (og

-1
Tpatel mopaywyicov ovvapticsov) pe  f(x) = ,xe(0, +00). Apket va

gEgTdoovpE TO TPOGNUO TN GLVAPTONG P(X) = Xe* ™ —1, (0, +oo) .
H cuvépton @(X) = xe*™ -1, (O, +oo) eivon mapayayion oto (0, +oo) (g Tpa&erc
napayoyiciuov cuvapticemy) pe @ (x) =t (x+1)>0,xe(0, +o0) kardpan ¢ eivor

yvnoing avéovoa. Exiongn ¢ éxet piCa 1o 1 apod (1) =0 Topa égovpe:
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x>l e(X)>el) < @e(x) >0 f'(x) >0kt dpan f(x) eivar yvnoing avéovoa
070 J1AoTNUA. [1, +oo) .
e O<x<lep(X)<p) e e(X)<0s f'(x)<0katdpon f(X) eivar yvnoiong
@Bivovca oto drdoTnua (0, 1].
T to odvolo Tipmv tng A €yovue A= f ([1 +oo))u f ((0 1]) Eivou:
o f ([1 +oo)) = [ f(1), XIl%rg f (X)) =[1+c0), agovn f eivar yvnoiog av&ovoa oto

Shotnpa [1,+00) kon £xovpe:

f@=0
i 100 (e ) im0
1
X . i
X—o0 eX{l X—00 ex’l X500 Xex—l

lim f(x) =o00-1=c0

X—o0

(xpnowomomoaye tov kavove tov De |” Hospital)

o f ((O 1]) = [ f(@),lim f (X)) =[1+00), apod n f(X) eivor yvnoing pdivovsa oo
x—0"
Sioua (0, 1] wau lim f(x) = lim (e**~Inx) = +oo.
x—0* x—0*

Emopévag 10 covoro topdv e f etvon A=[1,+00).
I'2. H ovvaptnon K(t) = vt* -1 opiletar 6tav t € (—o0,-1]u[1,+00). To nedio opiopov g
h(x) eivon to R.
Eneidn 1e[1,+00) Oo mpénen:

h(x)21le f(*+])- f(2)+121e (X +1) 2 f(2) © X* +122 < x> 21 & X e (—o0,-1]u[L,+0)

(agob n cuvépmon f eivar yvnoing avéovoa oto [1,+00) kar X* +1,2€[1,+00))

Enopévag to medio opiopot g cuvdptnong g givairto A= (—oo, —1]u [1, +oo) .

I'3. Ene1dn n ouvapmon 1 f(X) eivar yvnoiog pdivovca oto didotnua (0, 1] Kot yvnoing
yvnoing av&ovca oto didotnpo [1, +oo) Oa etvar ko «1-1» ota dSwwomipota avtd. Etopévag

&yovpe d10d0y KA
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1 1 1 3
f[f(x)—5j=l<:> f (f(x)—aj= )< f(X)—E=1<3 f(X)=§
Opog:

. ge [L+o0)=f ([1 +oo)) Kot Gpo vEapyEL X, € [1,+00) (povadikd) Tétowo , hote
3
f =—.
(x)=5
° ge [1, +oo) =f ((0 1]) KOt poL VILAPYEL X, € (0, 1] (povadikod) 11010, OOTE

3
f(x,)=—.
(%) >
Emopévag vapyovv X, X, >0 mov va eivan pileg g dobeicog e&iowonc.

I'4. H e&iowon g epantopévng mg C; o0 onpeio(&, f (c?)) givor y— (&)= (&) (x-&)

R . , 3 .
Kot apov auTh SiEpyetar and to onueio M| 0, ) Oa &yovpe:

3 , 3 ,
5~ @)= (0-8) = Z-1(E)=-¢/)
Apkel howmdv va amodei&ovpe 6t 1 cvvapmon (X)) = xf'(x) — f(x) +g, xXe [xll] £xet

povéducn pica & e(x,1).
Oa epappocovue 10 Bedpnua tov Bolzano yio ) cuvaptnonll(x) oto didompa [Xl,l]:
"Eyxovpe:

e H I(X) etvor cuverng oto Srdomua [ X, 1](0g mpateis cuvexdv cuvapticeny).

e N)-1F®-/O+>-1-0-143-1.0

2 2 2
, 3 , 3 3 ,

H(Xi): X, f (xl)_f(xl)"'E =x.f ()Cl)—5+§=xlf (x)<0
O<x<lef()<fOe f(x)<0

(apov m f7 givan yvnoimg

avéovoa oto (0,1)).

X e +1
[Enucioon: H f* sivon mapaywyiown oto (O,l) ue f"(x) =— . 0,xe (0,1) ]
X
Apan T(X) éxer pia tovAdyiotov pila & € (Xl,l) o emedn n M(X) etvon mapaywyioun

010 ( X, l) (g Tpa&eig TOPOYWYICIL®V GUVAPTHCEWDV) pe:
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I'(x)=f(x)+x""(x)-f(x)=x"(x)>0,xe [xl,l], n  1(X) eivor yvnoing adéovoa dpa

kot «1-1& . Emopévagn piCa & € (Xil) glvat HovadIK.

OEMA A

A1 Exovpe 51080)1Kké. Kot 15080VapO :
(X*=x) F(x) +f (x) =1 x(x=1) £ (x) + xf (x) =1
(x=1) f"(x)+ £ (x) =§,x >0
[(x-1)F(0)] =(Inx) & (x-1)f(x)=Inx+c

Omov € o otobepd. Eivor x =1< ¢ =0 kot dpa €xovpe:

x-Df(xX)=Ihx<= f(x):ln—x1 ,Yw 0<x=1. T x=1, apod n cuvaptmon f sivar

GUVEYNG, TPEMEL:
1

. Inx oy .
f@Q)= IIrrll f(x)= IIrrll—1 = Im;% =1(epapudoapue tov kavova tov De I” Hospital otnv
X—>. X—>. X_ X

r A O
OmTPOCAOPIOTH HOPON 6)

[evkorOTepa: N apykn oyéon Yoo X =1 diver (1) =0]
Enopévag:

In—x, O<x=1

f(x)=9x-1
1 x=1

A2. @smpobpe TN cuvapTnoN:
X 1 f t X L f t
FO) =] f(t)cjt—&%dt:j1 f(t)dt+jlx¥dt,X>o
H ovvaptnon F(X) eivon moapayoyioyun oto (0,+00) (¢ dOpoicuo mopaymyiciumy

f ()

oLVOPTNoE®YV), 0o o1 cuvapthoelg f(t), S givon ovveyeic oto (0,+00). Eivar:

1
5
F )= /W) +— -(—%}f@—% f[%j,xe(0,+oo)
X

e T 0<Xx==1 grovpe:

®povtictipro <EINIAOI'H» http://www.epil.gr

Iatpomovrov 3 & Xpve. [Mayovn 12 - Kaiapdro .. 27210-95352 & 96390



PPONTIZTHPIO M.E.

NiIAC] H

larpotroUAou 3 & Xp. MNaywvn 12 - KaAapdra
TnA.: 27210 95352 & 27210 96390, e-mail: info@epil.gr
LfaevB. loTooeAibag: www.epil.gr

1
F,(x)_lnX_lln;_lnx 1-Inx Inx Inx _Inx Inx _
x-1 x1 ; x-1 x1-x x- 17 1% %=1 x-1
X X

e Tux=1oF@O=/,0-,0=0
Apa F'(x) =0,xe(0,+00) kar emopévarg F(X) =c, dmov ¢ otadepd. Etvor: F(I)=c<c=0

Enopévog :

F()=0e [ f(t)dt—ﬁ%tzo@jf f)dt = [z ft(t) dt

()

A3. @) H g etvon mapaywyion oto (O +oo) 10Tt ——= glvan ocvveyng (wg TATKo cvvEXDV
GUVOPTNOEMV) Kot Gpa. EYOVLLE:

g(x) =—ﬁ¥dt =.|.l>l<¥dt,X€(0,+oo)

X

f(lj 1 1 .(1 1Inl _Inx

- - X E
1 (_ j f( j_xl 1 X- 1_f(x)0< .
X X

1
[Enpsioon: Eivor mo gdkora: g(X) = _J.f @dt = ﬁ @ dt= J.lx f()dt (Moyw g oyéong

oV gpotipatog A2) kat dpa g’ (x) = f(x), x>0].

Mo x=1 éyovpue:

J.% f(t) dt In x 1
, g)-g@ . x-1 In
1) =1lim =lim =lim =lim _I|m— 1= 11
g () x—>1 X—-1 x—-1 X-1 x>l ] x>l x—1 x>11 f()
Apa:
Inx
, 0<x=1
g'(x)=f(x)=
1, x_l

H f sivan mapayoyioyn o 0 < X 3= 1(wg TpaEEIg mapoy®YIoIH®Y GUVOPTHCE®MV) HE

O<x==1 ko

g”(x):f’(x):()l(nxj’: x—-1-xInx

-1 x(x-1)°
In x 1 1 1
f(X) f(1) ox=1 g Inxex+l L T
)= = lim =lim =lim =
g () f() )(IA)]_ Xx-1 Xlﬁl (X_l)z XIHIZ(X—].)
1-x 1

-0 2x(x-1) )
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Ocwpodue ) ovvaptnon A(x) = x-1-xInx, x>0 n onoia sivar Topaywyioun yio kabe
X > 0 (og mpa&eig mapaywyicov cuvaptoewv) pe A'(x) =1-Inx-1=-Inx,x > 0. Eyovpe:
A'(x)>0=-Inx>0= |nx<0©xe(0,l)

A'(x)<0<:>—|nx<0<:>|nx>0<:>xe(1,+oo)
O<x<le A(X) <A@ < A(X) <0
x>1< A(X) < A() < A(X) <0

Emopévog 9" (x) <0 yio kébe x >0 wor Gpa 1 cuvaptnon g eivon koikn (otpépet Ta Koiha

két®) 610 (0,+00) (Mo x=1, A(1)=0)

[Enpeioon: H A(X) éyet péyoto oto onpeio X, =1, 10 A(1)=O, emopévag A(X) <0(n
166N Ta 1o)0EL HOVO Yo X, =1).]

. f(t) 1

B) H C, tépver tov dEova tov X'x dtav g(x) = —.f dt=0=—=1< x=1(civan
X

X

povadikn apov 1 g etvan ¢1-1» g yvnoing avéovca d10TL givar:

'”X L 0<x=£1
g'(x)=f(x)= pe T(xX)>0 ywokdbe x>0.

1, X= 1
[Enpeioon: Eiva :

. x>1@(|nX>o ka1 X—15 0, dpa X

>0) Ko
x-1

nx
5 o)

° 0<x<1<:>(lnx<0 ka1 X-1<0,apa I
X

Apa 1o onueio toung g C; pe tov dEova twv X'x givan A(l, 0) Ko gtvon Lovadko.
H gpantopévn mg C; o0 A(l,O) glva:
y-0= g'(l)(x—1)<:> y =1-(x—1)<:> y=x-1
To epBadov mov mepikheietar and ™ C, , v mopandve gvbeio kot Tig gvdeieg X =1 K

X =3 givat:
E= j|g(x) (x-1)dx= [, (x 1)- g(x)]dx_[——x} jg(x)dx 2- jg(x)dx(smsnn

ocuvaptnon g sivor Koiln oto (1, 3) Ba &xovpeg(x) < x-1,xe (1, 3) .
INo to {nrovpevo oydel 1lodvvapa:

E <2<:>2—j13g(x)dX<2<:>—_|'fg(x)dX<0<:>jl3g(x)dX>0
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H tehevtaio oyéon eivon oAnong S0t

H g eivar yvnoiog avéovoa oto [1,3] kot épa:

1<x<3<g(1) < g(x) < g(3) = 0<g(x), x € [1,3](n woémTa 1oxdeL povo Yo X =1)

H g dev givar mavtod undév kou givar cvveyng oto ddotnuo [, 3] ,emouévog 1oyvet

Ls g(x)dx > 0, mov frav 1o {nrovpevo (1606Vvaua).

A4. Exovpe d1000y1kd Kot 1000OVOLLoL:
Ji f(®)dt zlff f()dt < X1 f@)dt> [i f()dt < [rxF@Q)dt- [ FQ)dt>0<
X XX x x X x
& [1(x-t)f (t)dt=0 @)
Taopa &ovpe:
Int

—, 0<x==1
ft)=9t-1 ) >0 yo kabe t >0 Kot :

1 x=1

e x=1noyéon (1) woyvel og 166TTA , 0POD TOTE fll(l—t)f (t)dt=0.

1
e Tw X>1<:>X>l sivat:te{—,X}@t—XSO@X—tZO Kot apo. (X—t)f(t)ZO Ko
X X

1
n ovvaptmon M(t) = (X—t) f(t),te l:—, X:l givor ouveyng kot Oyt mavtov undév
X

Enopévoc :

[i (x=t)f (t)dt > 0.
1 , 1 .
e Tw 0<x<le=>x eivar te| x,—|<t-x20< x-t<0 ku Gpa (x-t) f(t)<0
X X

Kkat 1 cvvapmon M (1) =(x-t) f(t),te [l, X} givarl ovveyng kot Oyt Tavtod pndév.
X

Enopévog:

jf(x—t) f(t)dt <0< [1(x~t) f(t)dt>0

Emopévag oe kabe nepintwon givat:

ﬁ(x—t) f(t)dt >0, y1a k40 x >0

X

Empérela amavimoeov: Kapaydvyng B. Iodvvne — Zyoiikog cvppoviog Madnpatikdv
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